Abstract. In this paper, we introduce the notion of Auslander modules, inspired from Auslander's zero-divisor conjecture (theorem) and give some interesting results for these modules. We also investigate torsion-free modules.
Introduction
Auslander's zero-divisor conjecture in commutative algebra states that if R is a Noetherian local ring, M is a nonzero R-module of finite type, and finite projective dimension, and r ∈ R is not a zero-divisor on M , then r is not a zero-divisor on R [6, p. 8] and [5, p. 496] . This "conjecture" is in fact a theorem, after Peskine and Szpiro in [15] showed that Auslander's zero-divisor theorem is a corollary of their new intersection theorem and thereby proved it for a large class of local rings. Also see [16, p. 417] . Note that its validity without any restrictions followed when Roberts [17] proved the new intersection theorem in full generality. Also see Remark 9.4.8 in [1] .
Let M be an arbitrary unital nonzero module over a commutative ring R with a nonzero identity. Inspired from Auslander's zero-divisor theorem, one may ask when the inclusion Z R (R) ⊆ Z R (M ) holds, where by Z R (M ), we mean the set of all zero-divisors of the R-module M . In Definition 1.1, we define an R-module M to be Auslander if Z R (R) ⊆ Z R (M ) and in Proposition 1.2, we give a couple of examples for the families of Auslander modules. The main theme of §1 is to see under what conditions if M is an Auslander R-module, then the S-module M ⊗ R S is Auslander, where S is an R-algebra (see Theorem 1.4, Theorem 1.6, and Theorem 1.10). For example, in Corollary 1.11, we show that if M is an Auslander R-module, B a content R-algebra, and M has property (A), then M ⊗ R B is an Auslander B-module. For the definition of content algebras refer to [14, Section 6] .
On the other hand, let us recall that an R-module M is torsion-free if the natural map M → M ⊗ Q is injective, where Q is the total quotient ring of the ring R [1, p. 19] . It is easy to see that M is a torsion-free R-module if and only if Z R (M ) ⊆ Z R (R). In §2, we investigate torsion-free property under polynomial and power series extensions (see Theorem 2.1 and Theorem 2.2). We also investigate torsion-free Auslander modules (check Proposition 2.5, Theorem 2.7, and Theorem 2.9).
In this paper, all rings are commutative with non-zero identities and all modules are unital.
Auslander Modules
We start the first section by defining Auslander modules: Definition 1.1. We define an R-module M to be an Auslander module, if r ∈ R is not a zero-divisor on M , then r is not a zero-divisor on R, or equivalently, if the following property holds:
Let us recall that if M is an R-module, the content of m ∈ M , denoted by c(m), is defined to be the following ideal:
where by Id(R), we mean the set of all ideals of R. The R-module M is said to be a content R-module, if m ∈ c(m)M , for all m ∈ M [14] . In the following, we give some families of Auslander modules: Proposition 1.2 (Some Families of Auslander Modules). Let M be an R-module. Then the following statements hold:
If M is a flat and content R-module such that for any s ∈ R, there is an
′ is an Auslander R-module for any R-module M ′ . In particular, if {M i } i∈Λ is a family of R-modules and there is an i ∈ Λ, say i 0 , such that M i0 is an Auslander R-module, then i∈Λ M i and i∈Λ M i are Auslander R-modules.
Proof. The statement (1) is obvious. We prove the other statements:
(2): Let r ∈ Z R (R). By definition, there is a nonzero s ∈ R such that r · s = 0. Since in content modules c(x) = (0) if and only if x = 0 [14, Statement 1.2] and by assumption, there is a nonzero x ∈ M such that c(x) = (s), we obtain that r · c(x) = (0). Also, since M is a flat and content R-module, by [14, Theorem 1.5], r · c(x) = c(r · x). This implies that r ∈ Z R (M ).
(3): Suppose that r · s = 0 for some nonzero s in R. By assumpstion, there exists an x in M such that s · x = 0, but r · (s · x) = 0, and so r is a zero-divisor on M .
(4): Let r ∈ Z R (R). So, there is a nonzero s ∈ R such that r · s = 0. Define
The proof is straightforward, if we consider that Z(N ) ⊆ Z(M ). The statement (6) is just a corollary of the statement (5).
and the proof is complete.
Let us recall that an R-module M has property (A), if each finitely generated ideal I ⊆ Z R (M ) has a nonzero annihilator in M [11, Definition 10] . Examples of modules having property (A) include modules having very few zero-divisors [11, Definition 6] . Especially, finitely generated modules over Noetherian rings have property (A) [7, p. 55] . Homological aspects of modules having very few zerodivisors have been investigated in [12] . Finally, we recall that if R is a ring, G a monoid, and f = r 1 X g1 + · · · + r n X gn is an element of the monoid ring R[G], then the content of f , denoted by c(f ), is the finitely generated ideal (r 1 , . . . , r n ) of R.
Theorem 1.4. Let the R-module M have property (A) and G be a commutative, cancellative, and torsion-free monoid. Then, M [G] is an Auslander R[G]-module if and only if M is an Auslander
On the other hand, M has property (A). Therefore, c(f ) has a nonzero annihilator in M . Hence,
) and the proof is complete.
Note that a semimodule version of Theorem 1.4 has been given in [10] . It is good to mention that if R is a ring and f = a 0 + a 1 X + · · · + a n X n + · · · is an element of R[[X]], then A f is defined to be the ideal of R generated by the coefficients of f , i.e.
A f = (a 0 , a 1 , . . . , a n , . . .).
One can easily check that if R is Noetherian, then A f = c(f ). The following lemma is a generalization of Theorem 5 in [4] : 
, where A f is the ideal of R generated by the coefficients of f . This simply implies that R[[X]] is an Ohm-Rush R-algebra. Now we go further to define McCoy algebras, though we don't go through them deeply in this paper. McCoy semialgebras (and algebras) and their properties have been discussed in more details in author's recent paper on zero-divisors of semimodules and semialgebras [10] . Definition 1.9. We say that B is a McCoy R-algebra, if B is an Ohm-Rush Ralgebra and f · g = 0 with g = 0 implies that there is a nonzero r ∈ R such that c(f ) · r = (0), for all f, g ∈ B.
Since any content algebra is a McCoy algebra [14, Statement 6.1], we have plenty of examples for McCoy algebras. For instance, if G is a torsion-free abelian group and R is a ring, then R[G] is a content -and therefore, a McCoy -R-algebra [13] . 
Torsion-Free Modules
Let us recall that if R is a ring, M an R-module, and Q the total ring of fractions of R, then M is torsion-free if the natural map M → M ⊗ Q is injective [1, p. 19] . It is starightforward to see that M is a torsion-free R-module if and only if Z R (M ) ⊆ Z R (R). Therefore, the notion of Auslander modules defined in Definition 1.1 is a kind of dual to the notion of torsion-free modules.
The proof of the following theorem is quite similar to the proof of Proposition 1.4. Therefore, we just mention the proof briefly. 
Theorem 2.1. Let the ring R have property (A) and G be a commutative, cancellative, and torsion-free monoid. Then, the R[G]-module M [G] is torsion-free if and only if the R-module M is torsion-free.

Proof. (⇒): Let r ∈ Z R (M ). Clearly, this implies that
We continue this section by investigating torsion-free Auslander modules. Remark 2.3. In the following, we show that there are examples of modules that are Auslander but not torsion-free and also there are some modules that are torsion-free but not Auslander.
(1) Let R be a ring and S ⊆ R − Z R (R) a multiplicatively closed subset of R. Then, it is easy to see that Z R (R) = Z R (R S ), i.e. R S is a torsion-free Auslander R-module. is an i ∈ Λ, say i 0 , such that M i0 is an Auslander R-module, then i∈Λ M i is a torsion-free Auslander R-module.
Proof. It is trivial that every flat module is torsion-free. By considering Proposition 1.2, the proof of statements (1) and (2) is straightforward. The proof of statement (3) is based on Theorem 7.10 in [9] that says that each finitely generated flat module over a local ring is free. Now if R is a Noetherian ring and M is a flat and finitely generated R-module, then M is a locally free Rmodule. This causes Hom R (M, M ) to be also a locally free R-module and therefore, Hom R (M, M ) is R-flat and by Proposition 1.2, a torsion-free Auslander R-module.
The proof of the statements (4) and (5) Proof. Since M is finite and R is Noetherian, M is also a Noetherian R-module. This means that both the ring R and the module M have property (A). Now by Theorem 1.6 and Theorem 2.2, the proof is complete.
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